We analyze a model of Semi-Direct Gauge Mediation in which the hidden sector is the 4-1 model and the messenger fields are charged under the U (1) gauge group. At tree level, the SUSY-breaking F-terms induce D-terms from which SUSY-split messenger masses arise.
Introduction and summary
Supersymmetry (SUSY) is one of the most exciting candidates for physics beyond the Standard Model. However, finding realistic models of SUSY breaking turns out to be an exceptionally difficult problem. In particular, SUSY must be broken in a hidden sector, so a crucial ingredient is how SUSY breaking is mediated to the supersymmetric Standard Model (SSM). The two most studied frameworks are gravity mediation and gauge mediation. In either scenario, the models tend to have problems which present difficulties for phenomenology. This motivates the study of new models and frameworks for mediating SUSY breaking.
Models in which SUSY breaking is communicated to the SSM via gauge interactions have the advantage of avoiding large flavor-violating effects, which are difficult to suppress in other models. The first such gauge-mediated models were presented in [1] [2] [3] [4] [5] [6] [7] , and recently a very general description of the framework of gauge mediation appeared in [8] . The two types of gauge mediation which have seen the most attention are Direct Mediation and Minimal Gauge Mediation. In Direct Mediation models [9] [10] [11] , the SSM gauge group is embedded in a weakly gauged flavor symmetry of the hidden sector. In Minimal Gauge
Mediation models [12] [13] [14] , there is a messenger sector which communicates with the SSM through gauge interactions, and couples to the hidden sector via a tree-level superpotential.
Semi-Direct Gauge Mediation is a synthesis of these two frameworks. In this scenario, the Standard Model gauge group is embedded in a (weakly gauged) flavor symmetry of the messenger sector, but the messengers only communicate with the hidden sector via gauge interactions. This setup was proposed in the recent work [15] . A similar idea was studied in [16] . In [15] , the primary features of Semi-Direct Gauge Mediation were illustrated using as the hidden sector the "3-2 model" of dynamical SUSY breaking [17] . This model has a SU (3) × SU (2) gauge group, and [15] added SU (2) doublet messenger fields. It was found that SUSY breaking in the hidden sector induced SUSY-split messenger masses, which could be calculated using three complementary methods.
In this work, we extend the program of Semi-Direct Gauge Mediation by taking the hidden sector to be another calculable model of dynamical SUSY breaking, namely the "4-1 model" first presented in [14, 18] . The model has a SU (4)×U (1) gauge group and four matter fields. The matter fields are all charged under the U (1), and under the SU (4) they are a singlet, fundamental, anti-fundamental and antisymmetric two-index tensor. The superpotential includes a tree level term as well as a dynamically generated contribution.
The dynamics and supersymmetry breaking in this model have been studied by several authors, 2 but for completeness we rederive in this paper many of the relevant properties.
See in particular Section 2.
In Section 3 we couple pairs of U (1)-charged messenger fields L andL to the 4-1 model. There are no superpotential couplings between the messengers and the hidden sector; they interact only through the gauge interactions. At tree level, the messengers feel SUSY breaking via "diagonal" mass terms m 2 d LL † . We calculate m 2 d explicitly, using three complimentary methods:
• microscopic analysis using the fundamental fields and Wess-Zumino gauge (Section 3.1).
• macroscopic analysis in terms of composite gauge invariant operators (Section 3.2).
• low-energy effective theory in unitary gauge (Section 3.3).
The first method is the most straightforward calculation. The two other methods serve not only as checks but also illuminate interesting aspects of the result.
One example of this is that the mass m 2 d turns out to be independent of the U (1) gauge coupling g 1 . This is a surprising result from the point of view of the microscopic calculation.
After all, the messengers interact with the hidden sector only through gauge interactions! However, in the gauge-invariant description, the Higgsed gauge fields have been integrated out and the result is an effective non-linear sigma model which is independent of g 1 . In this picture, the mass splittings m 2 See [14, [18] [19] [20] and references therein. Also, the 4-1 model was recently discussed in the context of General Gauge Mediation in [21] .
Classically, SUSY breaking only generates diagonal masses for the messengers. When the one-loop correction to the Kähler potential is included (Section 3.4), off-diagonal terms m 2 od LL are generated and corrections to the diagonal masses now make the supertrace over the messenger sector non-vanishing. We show that Str m 2 msg < 0.
Because the 4-1 model gauge group includes a U (1) factor, we are free to add a FayetIliopoulos term ξ. The effects of this are studied in Section 4. The off-diagonal masses turn out to be bounded as functions of ξ, and it may therefore be possible to keep the off-diagonal terms small, while making Str m 2 msg large (and negative). This may be useful for achieving m 2 f > 0 for SSM sfermionsf .
In Section 5 we take a step back to study the consistency of the model. In particular we clarify the regime in parameter space in which our calculations are valid. As in the Semi-Direct 3-2 model [15] , we have to include an explicit superpotential mass term for the messengers. The corresponding mass parameter m must be large enough to ensure that the messenger fields do not get non-vanishing vevs, but in order to be relevant in the effective low-energy theory, m should not be larger than the masses of the Higgsed vector fields. We determine the precise conditions for this in Section 5 and derive the needed constraints on the parameters, including ξ.
Having an explicit mass term for the messengers is somewhat undesirable. In Section 5.3 we modify the Semi-Direct model to become a simple model of Minimal Gauge Mediation with a meta-stable vacuum. In this model, m = 0 and the only scale is the dynamically generated scale of the 4-1 model.
We conclude the paper in Section 6 with brief preliminary comments on the phenomenology of the 4-1 Semi-Direct model. Semi-Direct models fit within the framework of General Gauge Mediation [8] , but specific models can have phenomenology which is not captured by the unified description. In our work, one new feature is the explicit dependence on the FI parameter.
Two appendices collect technical material: in Appendix A, we determine the D-flat directions of the 4-1 model, and in Appendix B we write down the generators of SU (4) which are needed for the unitary gauge calculations.
4-1 model
The 4-1 model has gauge group SU (4) × U (1) and matter content
In the last column, we have made a convenient assignment of charges for the global non-
Let us first consider the D-flat moduli space. The general solution to the SU (4)
D-flatness conditions is
where a, b, c are real positive numbers. The derivation of (2.2) is outlined in Appendix A.
A further restriction is imposed by the U (1) D-flatness condition,
The moduli space can be parametrized by two independent gauge-invariant operators,
At a generic point on moduli space, there is an unbroken SU (2) gauge group.
We add to this model the tree-level superpotential
The F-terms force b = 0. Hence a = c = 0 by (2.3), and the superpotential thus removes both classical flat directions.
The unbroken SU (2) undergoes gaugino condensation, which generates a superpoten- Including the dynamically generated term W dyn the full superpotential for the SU (4) theory is then
As we will see in more detail below, the superpotential (2.5) breaks supersymmetry.
Before minimizing the scalar potential, it is convenient to remove the dynamical scale Λ and work in terms of dimensionless quantities. This is done by rescaling all fields φ → Λ h −1/5 φ and gives
with
Explicit expressions for the D-terms are given in Appendix A.2.
We assume that h ≪ g 1 ≪ g 4 ≪ 1. The hierarchy between the gauge couplings is automatic because the U (1) is IR free. In this limit, the vevs are large and the theory is calculable. Since ǫ ≪ 1 we can minimize the potential to leading order in ǫ by minimizing V F on the D-flat directions. Imposing (2.2) gives
This is minimized for φ c = 0. Extremizing with respect to the remaining fields, we find that the minimum is located at We now perturb around the minimum (2.9) to find the O(ǫ)-correction. This correction makes the D-terms nonzero. We use φ (0) to denote the solution (2.2) with the values (2.9).
Writing φ = φ (0) + ǫ φ (1) , we find
We work in terms of real variables, so φ is a 30-component vector and A, B = 1, . . . , 30.
To determine φ (1) such that the O(ǫ)-term is minimized, we must solve the linear system
The first term in this equation, ∂V F , is only non-vanishing in the directions where φ (0) is nonzero. The second term involves a rank 13 matrix. One can straightforwardly solve this equation for these 13 fields in terms of the remaining 17; our final answers do not depend on the undetermined fields.
The O(ǫ) correction makes the D-terms nonzero, D ∼ ǫ φ (0) φ (1) . Specifically, we find
The D-terms for SU (4) are also nonzero, but we will not record those here. The corrected minimum of V is
In addition to the U (1) R , the classical theory with superpotential (2.5) has a global U (1) symmetry, which -unlike the U (1) R -is anomalous in the quantum theory. The U (1) R is broken in the vacuum while the global U (1) is preserved. We have explicitly verified that the bosonic mass matrix has 15 SU(4) + 1 Let us summarize the dynamics as follows [19] . In the UV, we start with the 4-1 model. At the scale Λ h −1/5 , the matter fields get vevs and break the gauge group from SU (4) × U (1) to SU (2). The Higgsed vectors acquire masses of order
The unbroken SU (2) confines at the scale Λ 2 = Λ h 2/15 and the result is a low-energy sigma-model in which gaugino condensation produces the non-perturbative term in the superpotential. Finally, at the scale E susy ∼ √ F ∼ Λ h 3/10 , supersymmetry is broken.
The hierarchy among these scales is guaranteed by h ≪ 1.
The Semi-Direct 4-1 Model
We now add to the 4-1 model N f pairs of messenger fields charged under the U (1).
We will denote the messenger fields by L α andL α , where α = 1, ..., N f . The messengers have charges q and −q, respectively. We introduce (by hand) a mass term, so that the full superpotential is
The mass term preserves a global SU (N f ) symmetry which acts only on the messenger fields. The mass m has to be large enough to ensure that the messengers do not acquire non-zero vevs. This requires
where m
is the mass squared of the Higgsed vector bosons. The smallness
The upper bound on m is needed in order to keep the messengers in the low-energy theory obtained from integrating out the vectors. We derive the requirement (3.2) in Section 5.
The messenger fields are coupled to the hidden sector only through gauge interactions, i.e. only through the U (1) D-terms. When SUSY is broken in the 4-1 model, the messenger masses are split and this is how SUSY breaking is communicated to the SSM. The purpose of this section is to calculate the messenger mass splittings. Following [15] we do this in three different ways.
Microscopic calculation
The messenger masses get contributions from the nonzero U (1) D-terms (2.12) calculated in the previous section. There are naively two possible types of mass terms:
and m 2 od LL. We refer to these as "diagonal" and "off-diagonal" masses, respectively. Classically, only the diagonal masses are generated. They come from the U (1) D-term via the cross-term
Using (2.12) we find
. Consistency requires that the messengers do not become tachyonic. This is ensured by h being sufficiently small; the precise condition is given in Section 5.
It is worth noting that m 2 d is independent of the gauge coupling. That this must be so will be clear from the calculation in terms of gauge-invariant operators, which comes next.
Macroscopic analysis with gauge-invariant operators
We first re-analyze the pure 4-1 model in the language of gauge-invariant operators, and then add the messenger fields.
The 4-1 Model
In the pure 4-1 model, the independent SU (4)-invariants are S,F i F i , and PfA. These have U (1)-charges 4, −4, and 4, respectively. Consequently, the only gauge invariants are
i F i PfA, and these parameterize the moduli space which we denote by M 0 . The point Y = 0 is singular because the unbroken gauge group is larger and there are additional massless degrees of freedom. We are only interested here in points away from Y = 0, so henceforth we assume Y = 0. We can then form the real dimensionless 5) and by dimensional analysis, the classical Kähler potential must be of the form
The function K 0 (T ) is determined as follows. We can go to a point on moduli space where the SU (4) and U (1) D-flatness conditions let us write B = b 2 c and Y = a 2 b 2 , with
We can then set
Comparing (3.7) with T = (
, we see that f satisfies
The real solution of (3.8) is
with h ± (T ) = −1 + 6T 18T ± √ 324T 2 − 6 . This solution satisfies the necessary bound on f (T ).
As explained at the end of Section 2, the low-energy theory is described by a nonlinear sigma model with no remaining gauge degrees of freedom. In Wess-Zumino gauge, the matter kinetic terms are simply the canonical terms, so the Kähler potential is
where
Comparing (3.6) and (3.10), we can read off
The scalar potential is 
U (1)-charged messenger fields
Let us now add to the 4-1 model N f pairs of SU (4)-singlet messenger fields L α and L α with U (1) charges ±q. We will make the convenient choice q = 4. The gauge-invariant operators are then
Here α = 1, . . . , N f and a = 1, . . . , N f + 1. We have introduced the notation L a = L a for a = 1, . . . , N f and L a=N f +1 = S. These fields are related by the classical constraint
(3.14)
3 The factor 1/2 for the antisymmetric field comes from the normalization of the Kähler term,
kl ij A kl . It ensures canonical normalization of the independent components of A.
Assuming as above that Y = 0, we can solve the constraint (3.14) and eliminate R α a . Thus our independent gauge-invariant operators are Y , X a and Z α . These parameterize the moduli space M of the model with messengers.
The moduli space M 0 discussed in the previous section is the subspace of M corresponding to setting Z α = X α = 0 for α = 1, . . . , N f . To obtain the messenger masses, we can expand around M 0 and find the Kähler metric on M in the neighborhood of M 0 . For the purpose of making contact with the results in the previous section, it is convenient to identify X N f +1 = B and work with the dimensionless variable T defined in (3.5). Near M 0 , the Kähler potential takes the general form
There are corrections to this starting at quartic order in X and Z. K 0 is given in (3.11).
To leading order, X α = b 2 L α and Z α = 4a 2Lα . From the canonical kinetic terms |L| 2 + |L| 2 we can read off the functions K 1,2,3 , which are
It is convenient to rescale the fields to separate out the Y -dependence. Thus we definê
In these variables, T =B †B and the Kähler potential takes the simple form
where ". . . " represents higher order corrections.
Let us now consider the superpotential (3.1) with the mass term mL
After the rescalings (3.17), the full superpotential is
Finally we can calculate the scalar potential V expanded to quadratic order in the messengers X α and Z α . The mass terms can be read off from the potential, but one must take into account the non-canonical kinetic terms arising from the Kähler potential. Crossterms do not arise because K 3 = 0. We find that SUSY breaking produces only diagonal mass terms for the messengers. Specifically, m
where 
Unitary gauge
In our third calculation of the messenger masses we find the effective Kähler potential that comes from integrating out the massive vectors in unitary gauge. (For an early reference on effective Kähler potentials in unitary gauge, see [22] .) We denote the U (1) vector superfield by U and that of SU (4) by V = V a T a . The Kähler terms in the pure 4-1 model are
In the limit g 1,4 → ∞ we can ignore the kinetic terms of the gauge fields, so the equations of motion for the gauge fields arise only from (3.21). It is convenient to denote the gauge fields corresponding to the broken generators 5 by V I , where I = 1, ..., 13, with V I = V a for I = 1, . . . , 12 and V 13 = U . We then write the equations of motion for V I as
where "+ . . . " denotes higher order terms. In this equation,D J are the D-terms, 23) and the vector mass matrix λ IJ has the following components:
By excluding the generators of the unbroken SU (2) subgroup, we are ensuring that λ IJ is invertible. Note also that because theD I are functions of Φ † and Φ, we will occasionally
It is useful to consider the superfield equation Substituting into the Lagrangian gives the effective Kähler potential
with canonical contribution
Including messengers L α andL α , we now expand around the D-flat directions φ 0 . In
Writing a general field as Φ = φ 0 + δΦ, we impose the unitary gauge condition 6 φ † 0 T I δΦ = 0. Equivalently, we can writeD I (φ † 0 , δΦ) = 0. In this gauge, the effective Kähler potential is with δD I ≡D I (δΦ † , δΦ) and λ (0) is (3.24) evaluated at φ 0 .
We obtain the Kähler metric g AB from K eff by differentiating with respect to the fluctuations δΦ and L α ,L α . The masses of the messengers are then obtained from the effective potential
The leading order terms in K eff are canonical, so it is trivial that the vacuum energy V min agrees with the microscopic calculation. The SUSY-split messenger masses arise from the final term in (3.26) via the nonzero D-term. Specifically, (3.27) gives diagonal masses of the form
(3.28)
Evaluating a and b at the minimum of the potential, we find that this agrees with the previous calculations. It is clear from the form of the Kähler potential (3.26) that no off-diagonal terms are generated.
Radiative Corrections
Including one-loop corrections to the Kähler potential is straightforward. This will produce off-diagonal masses and a nonzero supertrace over the messenger sector.
We can set g 4 = 0 for the purpose of computing the leading order radiative corrections to the messenger masses. The one-loop correction [23, 24] relevant for the messenger masses is
where the sum is over the U (1)-charged spectrum. 7 For the 4-1 model with N f pairs of messenger fields we find
The sum over α = 1, . . . , N f is implicit.
7 Since SUSY is broken, there are corrections to this formula, but they are suppressed by
Defining α 1 ≡ g 2 1 /4π and expanding the Kähler potential to quadratic order in the messenger fields, we find
The first term, K
1−loop 0
, is independent of the messenger fields and contains the one-loop correction to K 0 in (3.11). We are interested here in two quantities, the off-diagonal messenger masses and the supertrace of the messenger sector. These two quantities are both unaffected by K
, which we will therefore not concern ourselves with any further.
The second term of (3.31) corrects K 1,2 of the Kähler potential (3.15). In terms of the gauge-invariant operators, we can write
where we must take q = 4 for consistency with our analysis in Section 3.1.
The off-diagonal messenger masses m 2 od X α Z α are now non-vanishing, 
Adding a Fayet-Illiopoulos term
We now consider the 4-1 model with an FI term ξ. Within the considered range of parameters, the vacuum breaks SUSY for all values of ξ. In this section, we derive the SUSY-split messenger masses.
Microscopic calculation with FI term
The addition of the FI term changes the U (1) D-flatness condition to be
Scaling all fields as above (2.6), the scalar potential V now depends on a new dimensionless
, the minimum of V is located near the D-flat directions. When ξ ′ is large, we must also assume (see Section 5)
for large ξ ′ . Consistency requires that the messengers do not become tachyonic, so there is a bound on how large ξ can be. We will return to this in Section 5.2.
Unitary gauge
The calculation in unitary gauge proceeds as in Section 3.3 and we will only highlight the changes resulting from having ξ = 0. The Kähler terms (3.21) are modified by the additional FI-term +ξU . The equations of motion for the gauge fields again take the form The result for the messenger mass splittings is
which agrees numerically with the result found in the microscopic calculation.
Gauge-invariant operators
We now wish to reproduce (4.4) via gauge-invariant operators. To begin, we write the Kähler potential compactly as
The FI-term ξU makes the Kähler potential (4.5) gauge-dependent. Instead of working in Wess-Zumino gauge, as we did in Section 3.2, we will here avoid an explicit gauge choice and proceed by a different method 8 to integrate out the gauge fields to obtain the Kähler potential in terms of the gauge-invariant operators Y and B.
We need to express U and K S,F,F ,A in terms of ξ, 
F . The U (1)-flatness condition, 4K S − 3K F − KF + 2K A + ξ = 0, is simply the equation of motion for the U (1) gauge field, ∂K/∂U = 0, in the limit where we neglect the gauge kinetic terms. We use the above results to write the U (1)-flatness condition as a cubic equation which determines K F in terms of |B|, |Y |, and ξ:
Let us introduce T ≡ |B| 2 /|Y | 3/2 and y ≡ ξ/(4|Y | 1/2 ), and set f (T, y) ≡ |Y | 1/2 /K F . Then (4.6) becomes
Note that for vanishing FI term, (4.7) reduces to equation (3.8) for f (T ) = f (T, y = 0) (see Section 3.1). When solving (4.7), we must choose the real positive root.
To finish the calculation of the Kähler potential, we need to solve for U . Note that 
And now with messengers
Adding the messenger fields with U (1) charges ±4 to the 4-1 model gives rise to the gauge-invariant operators described in (3.13) and (3.14). We include as before the superpotential mass term W m = mL αL α = m X α Z α /(4Y ).
The Lagrangian contains kinetic terms for the messengers
It follows that
These results hold to leading order in the neighborhood of the D-flat directions of the pure 4-1 model. In this neighborhood, the Kähler potential is
where ". . . " denotes higher order terms in X and Z. Here K ξ 0 is given in (4.8) and
The Kähler metric g AB is a (2 + N f ) × (2 + N f ) matrix. From its inverse we compute the scalar potential, and in particular the mass terms of the messenger fields. The result confirms the two other calculations.
Radiative corrections
It is straightforward to calculate of the one-loop correction to the Kähler potential when ξ = 0. The second term of (3.31) corrects K 1,2 of the Kähler potential. In terms of the gauge-invariant operators we can write it 
We display the behavior of m this section, we explore these two issues.
How big is big? (without being too big)
Let us for simplicity study the 4-1 model and a single pair of messenger fields with U (1) charges ±1. We do not include an FI term here. As in Section 2, we rescale all fields
. The potential can then be written as
where V F is the F-term potential of the pure 4-1 model and we have introduced dimensionless parameters
The U (1) D-term potential includes the messengers and is
2 is the U (1) D-term of the pure 4-1 model.
We will consider the limit ǫ 4 → 0 in which the minimum of the potential is located on the SU (4) D-flat directions. Our job is then to minimize the potential
on the SU (4) D-flat directions, where d = 2a 2 − 4b 2 + 4c 2 and V F is given in (2.8).
If we take the limit ǫ 1 → 0, we must impose the U ( .4), we see that the minimum is located at L ± = 0 when |d| < 4m 2 ǫ 1 , and away from the origin otherwise. To avoid L ± = 0, we must assume that m satisfies m 2 > ∼ g
. This is what we mean by m 2 being "large enough".
However, we do not want to have m 2 too big, since we want to be able to integrate out the Higgsed vector fields while keeping the messengers in the resulting effective low-energy theory. The masses of the Higgsed vectors are of order m
Noting that the lower bound on m 2 found in the previous paragraph can be written m
we can express the resulting conditions on m 2 as the inequality 
Bound on the FI-term
Let us now consider the same setup as in the previous subsection, but with nonvanishing ξ. We will again consider the limit ǫ 4 → 0 so that we minimize the potential 
Here ǫ = h 2 /g 2 , where g 2 denotes quadratic combinations of g 1 and g 4 . A necessary condition is ǫ ≪ ξ ′−5/3 . Thus if ξ ′ is very large, the minimum of the potential is forced to be very close to the D-flat directions. In addition to this we require that m 2 /Λ 2 and h fulfill the bound (5.7).
Alternative model
The Semi-Direct Gauge Mediation models studied here and in [15] have an explicit dimensionful parameter m which is not dynamically generated. This feature might be 
preserves the R-symmetry.
Consider now the scalar potential with an F-term potential from (5. 
Phenomenology
Here we comment briefly on the phenomenology of the Semi-Direct Gauge Mediation model with the 4-1 hidden sector. We leave a more thorough investigation for future work.
Having a U (1) gauge group in the hidden sector has a few advantages. For one, the hierarchy g 1 ≪ g 4 is automatic, since a gauged U (1) is always IR free. This stands in contrast to the model of [15] , where it was necessary to have N f sufficiently large to achieve the appropriate hierarchy of scales. Since we wish to embed the SSM inside the SU (N f ) flavor symmetry, we must take N f ≥ 5. Another advantage of the U (1) gauge group is that it does not lead to problems with Landau poles in the Standard Model; this is a problem that has plagued Direct Mediation models in the past.
Just as in the 3-2 model, the 4-1 model is automatically CP invariant and the Rsymmetry is broken. To leading order in F/m W , gaugino masses vanish, just as in [15] . This is in accord with the results in [25] . There can be several contributions to sfermion masses, starting at the two-loop order [26] . As in [15] , our model has a negative supertrace over the messenger sector. This will give a positive contribution to the sfermion masses [9] . Additionally, the sfermion masses will get contributions from the tree-level diagonal SUSY-split masses and the off-diagonal masses. A more thorough analysis is needed to determine the overall sign of the sfermion masses.
Adding an FI term makes all the calculated quantities depend on ξ
Gaugino masses still vanish to leading order. The supertrace over the messenger sector remains negative, and decreases monotonically with increasing ξ ′ . Interestingly, the off-diagonal masses coming from the one-loop corrections can now be either positive or negative, and more importantly they are bounded both from above and below. Within the regime of validity of our calculations, it seems that one would be able to tune the supertrace to be large (and negative) while making the off-diagonal masses small. This may help make the sfermion masses positive, but a more detailed analysis is needed in order to see this.
In order for our model to be phenomenologically viable, we would eventually need to couple the model to gravity. One practical reason is that we need gravitational effects to lift massless states, such as the R-axion [27] and the Goldstino. Note, however, that it has recently been argued [28] that it is not possible to consistently couple a SUSY theory with a (much smaller than Planck scale) FI term to supergravity. However, one of the observations we made in Section 5 was that the vanishing of the (vev of the) D-term of other fields can sometimes play the role of an "effective FI-term". It would be interesting to exploit this in model building.
A.2. D-terms
The D-term potential V D of the 4-1 model is given in eq. (2.6). We present here the explicit expression for the D-terms. They are
The factor 1/2 for the antisymmetric field is the correct normalization of the Kähler term,
kl ij A kl . Let us write out the SU (4)-term for the anti-symmetric field A ij explicitly. We have
Thus, the total SU (4) D-term is 5) which implies that the SU (4) D-flatness condition is for some complex number c 0 .
A.3. Solving the SU (4) D-flatness conditions
Using SU (4) gauge symmetry, the vevs of the anti-symmetric 4 ×4 matrix A can be brought to the block diagonal form diag(a i σ 2 , a ′ i σ 2 ). Generically, a = a ′ , and this then leaves an unbroken SU (2) × SU (2) subgroup which we can use to rotate the vevs of F to the form F T = (f 1 , 0, f 3 , 0). LetF = (e 1 , e 2 , e 3 , e 4 ). The D-flatness condition (A.6) imposes the constraints e 2 = e 4 = 0, |f 1 | = |e 1 |, |f 3 | = |e 3 | and |a ′ | = |a|.
The group element U = diag(e iφ , 1, 1, e −iφ ) of SU (4) can be used to rotate the phases of a and a ′ so that a = a ′ . With A = diag(a i σ 2 , a i σ 2 ) there is a larger subgroup of SU (4) which leaves A invariant, namely Sp(4). An element of this group can now be used to rotate F to the form 
